Let M be a close complex manifold and T M its holomorphic tangent bundle. We prove that if the global holomorphic sections of tangent bundle generate each fibre, then M is a complex homogeneous manifold. It implies that every irreducible close Kähler manifold with ample tangent bundle is isomorphic to the projective space. This provides an alternative proof of Hartshore's conjecture in algebraic geometry in characteristic zero and Frankel's conjecture in Kähler geometry. These two conjectures were completely proved by Mori, Siu and Yau. Our proof is quite different from theirs and depends on the complex version of Chow-Rashevskii theorem in Carnot-Caratheodory spaces.
Introduction and results
The main result is the following theorem. Theorem 1.1 Let M be a close complex manifold and T M its holomorphic tangent bundle. We prove that if the global holomorphic sections of tangent bundle generate each fibre, then M is isomorphic to a complex homogeneous manifold.
It is obvious that Theorem1.1 implies Corollary 1.1 (Mori [14] ) Every compact Kähler manifold of ample tangent bundle is isomorphic to the projective space.
Mori's proof depends on that any projective manifold (over an algebraically closed field) whose canonical line bundle is not numerically effective must contain a rational curve. His method is based on the Grothendieck's deformation theory for morphisms from the rational curve into the manifold. A key ingredient in establishing the existence of such a map is the iteration trick by using the Frobenius map, which only works over a field of positive characteristic. So the existence of a rational curve in a complex manifold relies on passing to the p -skeletons. It has been a mystery ever since then on whether one can have a proof within the characteristic zero category. So, our method yields such a proof. It is known by Griffith's work [6] that the positivity of holomorphic bisectional curvature implies the ampleness of tangent bundles of Kähler manifolds(see also [11] ), so Corollary 1.1 implies the following Corollary 1.2. The Siu-Yau's proof of Corollary1.2 depends on the existence of stable harmonic map and the computations of its second variation. So, our method gives a different proof.
Sketch of proof on Theorem 1.1. In section 1, we give a complex version of Chow-Rashevskii theorem in Carnot-Caratheodory geometry. In Section 2, we give the proof of Theorem1.1.
Complex Chow-Rashevskii Theorem
In this section, we prove the complex version of Chow-Rashevskii's connectivity theorem. Proof. Since M is a complex close manifold, the complex vector space V generated by the holomorphic vector fields has finite dimension p. We assume that the holomorphic vector fields Y 1 , ...., Y p generate V . Since M is close, the vector field Y i integrates a holomorphic flow Y i (z), z ∈ C, i = 1, ..., p. For each m ∈ M, we consider the composed action map E m :
The differential of E m at the origin 0 ∈ C p sends the C p onto the span of the fields Y i in T m (M) and, hence, is surjective by assumption of the theorem. Thus the orbit G(m) is open in M for each m ∈ M by the implicit function theorem(see [16] ). It is easy to see that
Note 2.1 Our proof is inspired by Gromov's proof on Chow-Rashevskii theorem in Carnot-Caratheodory geometry(see [8] ).
3 Proof on Theorem 1.1 By Theorem2.1, it is obvious that the complex Lie group G, i.e., the automorphism group of M acts transitively on M. So, M is complex homogeneous manifolds(see [15, ch3,sec2] ).
